Non-Abelian string breaking phenomena with matrix product states by Kühn, StefanMax-Planck-Institut für Quantenoptik, Hans-Kopfermann-Str. 1, D-85748, Garching, Germany et al.
J
H
E
P
0
7
(
2
0
1
5
)
1
3
0
Published for SISSA by Springer
Received: May 29, 2015
Accepted: June 30, 2015
Published: July 24, 2015
Non-Abelian string breaking phenomena with matrix
product states
Stefan Ku¨hn, Erez Zohar, J. Ignacio Cirac and Mari Carmen Ban˜uls
Max-Planck-Institut fu¨r Quantenoptik,
Hans-Kopfermann-Str. 1, D-85748 Garching, Germany
E-mail: stefan.kuehn@mpq.mpg.de, erez.zohar@mpq.mpg.de,
ignacio.cirac@mpq.mpg.de, banulsm@mpq.mpg.de
Abstract: Using matrix product states, we explore numerically the phenomenology of
string breaking in a non-Abelian lattice gauge theory, namely 1+1 dimensional SU(2).
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1 Introduction
The phenomenon of string breaking, as a consequence of confinement, is one of the most
fundamental aspects of the gauge theories that lie at the basis of our understanding of
high energy physics. While a comprehensive understanding in many cases, such as QCD,
is still lacking, a lot of insight has been gained thanks to lattice gauge theory (LGT).
In LGT, originally pioneered by Wilson [1], the theory is formulated on a discretized
space-time lattice in such a way that the gauge symmetry is preserved and the continuum
model is recovered in the limit of vanishing lattice spacing. This allows powerful Monte
Carlo simulations which besides mass spectra [2] and phase diagrams [3] have been also
successfully used to study static properties of confinement and of string breaking [4–9].
Despite the great success of this method, it suffers from the sign problem [10], which limits
the kind of feasible simulations, and in particular real-time dynamics (although recently
introduced techniques have allowed some real-time calculations in certain regimes [11,
12]). It is then of undeniable interest to explore other techniques that can overcome the
limitations of standard LGT techniques.
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A particularly promising approach is the application of tensor networks (TN) to the
Hamiltonian formulation of LGT [13–24]. These methods are free from the sign problem
and allow the computation of real-time evolution [25–27], therefore opening up a new per-
spective of addressing dynamics of problems that are currently intractable with Monte
Carlo simulations. The first numerical results for static properties [14–16, 21], finite tem-
perature calculations [22, 23] and out-of-equilibrium dynamics [16, 21] indeed show the
power of the method.
Another direction explored in recent years is quantum simulation of gauge theories [17,
28–47]. The proposals for quantum simulators typically work as well with the Hamiltonian
formulation of the LGT and map the gauge theory to the physical degrees of freedom
of another quantum system which can be controlled experimentally thus being free from
purely numerical limitations. Although a fully fledged quantum simulator is not available
yet, this route seems promising for the future as the first proposals might come into reach
with nowadays high level of experimental control.
In this work, we consider a non-Abelian lattice gauge theory with dynamical charges
in one spatial dimension. The Hamiltonian we simulate realizes an exact SU(2) gauge
symmetry using a finite-dimensional representation for the bosonic degrees of freedom [47,
48]. This model is hence a suitable candidate for the design of an atomic quantum simulator
of SU(2) LGT. The finite dimension of the link Hilbert spaces allows the simulation of
the model via direct application of MPS techniques, which we employ here in order to
numerically explore the statical and dynamical aspects of the string breaking phenomenon.
In order to detect and characterize the breaking of the string, we propose three different
observables. They can be monitored during the MPS simulation, and should in principle
also be accessible in an experiment, so that our results will be measurable in a potential
future quantum simulator.
More specifically we study three different scenarios. First, we consider the static as-
pects of string breaking by determining the ground state of the system, which includes fully
dynamical fermions, in the presence of two additional external static charges. This calcu-
lation relates closely to the ones traditionally accessible by lattice Monte Carlo methods.
We show that we can reliably determine if the string is present, and therefore identify the
regions where we expect string breaking to occur. These calculations additionally demon-
strate the suitability of the proposed observables for the detection of string breaking in
dynamical scenarios. In the second place, we investigate the dynamics of string breaking
by introducing the external static charges on top of the interacting vacuum and evolving
the state in real time. When the string breaks, we can explicitly observe the screening of
the charges via the creation of dynamical particles. Finally, we analyze how the picture
changes when the charges added to the vacuum are themselves dynamical, a scenario which
is closer to more realistic out-of-equilibrium situations. Also in this case we can recognize
the string breaking if the fermion mass is small enough.
The rest of the paper is organized as follows. In section 2 we review the model and
describe the numerical methods we are applying, with a special focus on the MPS techniques
we are using. In section 3 we present our numerical results for the static calculations.
Section 4 contains the results for the real-time dynamics of string breaking with two static
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external charges. In section 5 we present the results for the real-time dynamics of string
breaking when a pair of dynamical charges is added to the interacting vacuum. To conclude,
we summarize our findings in section 6.
2 Model and methods
2.1 Truncated theory
The model we consider is the Hamiltonian formulation of a 1+1 dimensional SU(2) lattice
gauge theory with dynamical fermions, in which the gauge symmetry is exactly realized
with finite-dimensional link variables [47]. The model can be understood as a truncation
of the complete SU(2) gauge theory, formulated as the Kogut-Susskind Hamiltonian with
staggered fermions [49]
H = ε
∑
n
(
ψ†nUnψn+1 + h.c.
)
+m
∑
n
(−1)nψ†nψn +
g2
2
∑
n
J2n,
(2.1)
where ψn =
(
ψr,n
ψg,n
)
is a two component spinor taking into account the two “colors” of
fermions (“red” and “green”) on site n. Un is a matrix on color space in the fundamental
representation. Its entries, U ijn , act on the link between the fermionic sites n and n+1 and
change the corresponding electric flux. The operator J2n is a group scalar, as it does not
carry any color index, and gives the flux energy on link n. Physical states, |φ〉, have to be
eigenstates of Gauss Law, i.e. Gαn|φ〉 = q
α
n |φ〉 for all sites, n, where
Gαn = L
α
n −R
α
n−1 −Q
α
n, α ∈ {x, y, z}.
Qαn =
1
2
ψ†nσαψn is the non-Abelian dynamical charge at site n, where σ
α are the usual Pauli
matrices. A nonzero value for qαn indicates a non-vanishing static external charge.
1 Lαn, R
α
n
are the generators of left and right gauge transformations acting on link n, which correspond
to the left and right electric field on the link and fulfill the commutation relations [Lαn, L
β
m] =
−iδnm
∑
γ ε
αβγLγn, [Rαn, R
β
m] = iδnm
∑
γ ε
αβγRγn and [Lαn, R
β
m] = 0. They are related to
the operator for the electric flux energy as J2n =
∑
α L
α
nL
α
n =
∑
αR
α
nR
α
n. The Gauss
Law components do not commute among themselves, as [Gαn, G
β
m] = −iδnm
∑
γ ε
αβγGγn,
and thus cannot be diagonalized simultaneously. However, they all commute with the
Hamiltonian, [H,Gαn] = 0, so that the Hilbert space is a direct sum of sectors characterized
by their configuration of external charges, {qαn} [47].
In the strong coupling limit, corresponding to ε = 0, the ground state is given by links
carrying no flux, odd sites occupied with two fermions, and empty even sites. This state
1We are not considering these external charges explicitly in the Hamiltonian. As they are static, they
would only contribute a constant mass term to eq. (2.1) leading to a constant offset in energy in all our
simulations, thus being negligible.
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can be written in a product basis as
|φSC〉 = |2〉|0〉|0〉|0〉|2〉|0〉 . . . .
In the previous expression bold numbers represent the occupation number of a fermionic
site, while |0〉 represents the state of a link with no flux. The fermionic part of this
state corresponds to the Dirac sea, and it is easy to check that it fulfills Gauss Law with
Gαn|φSC〉 = 0 ∀n, α. Applying on this state the gauge invariant string operator
Snl = ψ
†
nUn . . . Un+l−1ψn+l (2.2)
or its adjoint, S†nl, for odd l,
2 generates a particle-antiparticle pair at sites n and n + l,
connected by a flux tube of length l. Such configurations will have an excess of energy of
2m due to the particle-antiparticle pair, plus a flux energy proportional to the string length,
l. Consequently, from a certain length on, it will be energetically favorable to reduce the
flux energy by creating extra particle-antiparticle pairs, leading to configurations with a
broken string.
In the complete SU(2) model, the flux on a link is not bounded, and the dimension of
the Hilbert space for each link is infinite. It is nevertheless possible to consider a theory
truncated in a gauge invariant manner [48], where the maximum flux a link can carry is
limited and the Hilbert spaces of the links are finite dimensional. Following the method
in ref. [48], each matrix element U ijn can be decomposed as a sum over all irreducible
representations, which may be separated to summands that are gauge invariant themselves.
Here we consider the model corresponding to the simplest non-trivial truncation of the full
theory, meaning that only the trivial and the fundamental representation are kept, resulting
in dimension 5 for the links.
2.2 Numerical methods
We use the MPS ansatz to describe the system [50]. A MPS with open boundary conditions
for N sites is given by
|Ψ〉 =
∑
i1,i2,...,iN
Ai11 A
i2
2 . . . A
iN
N |i1〉|i2〉 . . . |iN 〉,
where the Aikk are complex matrices in C
D×D for 1 < k < N and Ai1 (AiN ) is a row (column)
vector. The states |ik〉
dk
ik=1
form a basis of the dk-dimensional local Hilbert space on site k.
The number D, called bond dimension of the MPS, determines the number of variational
parameters and limits the amount of entanglement that can be present in the MPS.
The string breaking phenomenon can be studied statically or dynamically. Different
well known numerical algorithms exist to find MPS descriptions of stationary or time-
dependent states [26, 51]. In this work, we employ simulations of time evolution [25, 26, 52]
where the evolution operator is approximated via a first order Taylor expansion. This allows
us to study both static and dynamic scenarios by respectively using imaginary or real time.
2As we are working with a staggered formulation the odd (even) sites correspond to antiparticles (par-
ticles), consequently l has to be odd to create a string between an antiparticle and a particle.
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Additionally, the Taylor expansion preserves the symmetries of the Hamiltonian, such as
gauge invariance. Then it is possible to explore a specific sector of the external charge
distribution without explicitly implementing symmetries in the tensors.
The numerical simulations have three main sources of error, each of them controllable
by a suitable choice of parameters. The first one is due to the approximation of the
evolution operator via a Taylor series. This error can be controlled by choosing the time
step suitably small. Another source of error is due to the limited bond dimension. By
obtaining results with different bond dimensions, the size of this truncation error can also
be estimated and controlled. As we are working with finite systems, a third source of error
arises from finite size effects which can be avoided by using sufficiently large systems.
Although TN and in particular MPS can be formulated in terms of fermionic degrees
of freedom, we choose to translate the fermionic degrees of freedom in Hamiltonian (2.1) to
spins via a Jordan-Wigner transformation for our numerical simulations (details about the
procedure and the relevant operators in spin formulation can be found in the appendix A)
and in the following we work with the spin formulation.
2.3 Detection of string breaking
Detecting the presence or absence of the flux string during the evolution requires ob-
servables that are suitable for the dynamical case. The Wilson loop and more general
correlation functions, widely used in lattice calculations to determine the static potential,
are typically evaluated in the limit of large Euclidean time and therefore not suitable for
our setup [5, 8, 53]. Instead, to detect strings and string breaking in the dynamical setup,
we propose three different observables. We monitor their values throughout the evolution,
taking advantage of the fact that we have access to the MPS wave function at all times.
In the first place, the spatially resolved spin and flux configurations in the system allow
us to visualize the change with respect to the initial configuration (see e.g. figure 3).
A second observable is the local imbalance between red and green species, also spatially
resolved. A string operator (2.2) changes the fermionic content of the sites at its end-points,
such that, on the strong coupling vacuum, it will produce a superposition of states having
a single red or a single green fermion at the beginning or at the end of the string. This can
be detected by the operator Qαn
2 = 1
4
(nr,n−ng,n)
2, where nr,n and ng,n are the occupation
numbers for the two fermionic species on site n.3
A third observable can be proposed that looks only at the flux content of the links.
Applying a string of length l, starting at site n, on the strong coupling vacuum produces
a state in which links between sites n and n+ l carry non-vanishing flux, whereas outside
the region there is no flux. We can construct projectors Pnl on this kind of configurations.
However, we are not interested in a single string but rather in the statistics of string lengths
in a (time dependent) state |φ(t)〉. Thus, we bin all strings of a certain length together
3One should note that the index α in Qαn
2 is not summed. This might look puzzling at first, as it
seems that we are using a non color-neutral object as observable. However, a little calculation shows (see
appendix A) that Qαn
2 is identical for all α. Therefore summing α would only yield an additional factor of
3 which we are not taking into account.
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and normalize by the number of possible strings of length l:
Pl =
∑N−l
n=1 〈φ(t)|Pnl|φ(t)〉
N − l
.
In this way we can obtain histograms for the distribution of the string lengths in the state
at a given time t.
As we show in the next section, these three observables allow us to reliably determine
whether our system still contains the initially imposed string or the string is broken.
3 Ground state with static external charges
The usual way of probing for string breaking in lattice Monte Carlo studies is the analysis
of the static quark-antiquark potential. Using the MPS method, we can also determine
the energy of an extra pair of external charges as a function of their distance by simply
computing the ground state in a sector, where two external static charges are placed at the
desired separation.
In particular, we choose two static external charges qy = ±1/2, located in the central
region of the system (to minimize finite-size effects) at a distance l. Gauge invariance
requires that there is a flux tube connecting them. In the strong coupling vacuum the charge
at each site is zero, as well as the left and right electric field on each link. Consequently,
we can prepare a state with the desired external charge distribution by applying the (non-
invariant) operator Un . . . Un+l−1 on the strong coupling ground state. This operator only
acts on links from n to n+ l− 1, on which it creates a finite electric field. Hence the Gauss
Law at the beginning and the end of the string yields a non-zero value corresponding to a
state with qyn = ±1/2 and q
y
n+l = ∓1/2. Subsequently we evolve this state in imaginary
time to determine the ground state of (2.1) for a chosen set of parameters, (ε,m, g). For the
results presented in this section we use a time step ∆t = 1.0× 10−3 and a bond dimension
D = 100, parameters which turn out to be sufficient to avoid noticeable numerical errors
(see appendix B for a more detailed error analysis).
In figure 1 we compare the ground state energy E for ε = 3.0, g = 1.0 and various
masses, where we subtracted the energy of the interacting vacuum without external charges
Evac. For m = 3.0 and m = 5.0 we observe three regions as functions of the string length.
For short strings the energy grows linearly with the string length, indicating the stretching
flux tube between the charges, namely the presence of the string in the ground state. From
a certain value lc on, the ground state energy does not depend on l. This is the signature
for string breaking, as after reaching the threshold for creating particle-antiparticle pairs,
reducing the flux is energetically favorable, the string breaks and the energy is independent
of the initial string length. Finally we observe a third region, when the string length is
already close to the system size, and finite size effects become noticeable. In our plots we
clearly see that the values of lc, where one transitions from the string region to the breaking
region, are independent of the system size. For m = 10.0 the mass is large enough that
one does not leave the linear scaling region, even if we create the longest string that fits in
our system. Hence, we do not expect string breaking to occur in this system.
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Figure 1. Ground state energy for N = 22 (red crosses) and N = 30 (blue ✕’s ) as a function of
the initial separation of the external charges for m = 3.0 (left panel), m = 5.0 (central panel) and
m = 10.0 (right panel).
The difficulty of numerically detecting string breaking with Monte Carlo techniques
has been traced back to the mixing of two-meson states being hard to capture by Wil-
son loops [5, 6, 54]. With our method we can explicitly see this mixing happening, as
illustrated by figure 2. The figure shows the energy as a function of imaginary time for
several cases in the breaking region. At the beginning of the imaginary time evolution,
we observe the energy going down until it reaches a metastable plateau, corresponding to
the interacting string state, evidenced by the spin and flux configurations at that point,
shown in the left inset panels. For later times there is then again a significant decrease in
energy corresponding to the breaking of the string. This can also be seen in the spin and
flux configuration (right inset panels of figure 2), where the region of high flux between the
static charges is going away after the decrease in energy, and only a peak in the flux around
the external charges remains. To better compare the string breaking scenario with that of
a string ground state, the whole imaginary time evolution of spin, flux and charge square
configurations for masses m = 3.0 and 10.0 and system sizes N = 22 and 30 is shown in
figure 3. The flux configuration is giving an indication that the particle-antiparticle pairs
created during the breaking process are clustering around the heavy external charges and
screen the electric flux. Furthermore figure 3 reveals that there is essentially no difference
between both system sizes.
In figure 4 we plot the charge squared Qαn
2 and the histograms Pl for the initial con-
figuration and for the final ground state respectively. We subtract the configuration of the
interacting vacuum in the sector without external charges, in order to better visualize the
difference. As one can see, in the breaking case two peaks around the external charges
form in the charge square configuration, thus verifying that the particles created during
the breaking process indeed cluster around the external charges and screen the flux. By
contrast, in the nonbreaking case the charge square configuration only changes slightly.
The histograms for the string lengths show a similar picture. In the nonbreaking case the
clear initial peak at l = 11 is preserved, whereas for m = 3.0 it vanishes and peaks emerge
around smaller string length.
From figure 1 we can identify the parameter regions in which we expect string breaking
to occur. To study the real-time dynamics of the string breaking we select two distinct
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Figure 2. Energy as function of imaginary time for N = 30, m = 3.0, l = 11 (red solid line) and
l = 21 (blue dashed line). The insets show the difference of expectation values for σzr,n (red lines,
left y-axes), σzg,n (green lines, left y-axes), and J
2
n (blue lines, right y-axes) with respect to the
interacting vacuum, shortly before and after the drop in energy (left upper panel: l = 21, t = 0.75,
right upper panel: l = 21, t = 1.25; left lower panel: l = 11, t = 0.5, right lower panel: l = 11,
t = 1.25).
situations. We choose l = 11, which is deeply in the breaking region for m = 3.0 but still
far enough from the point where finite size effects are noticeable, and for which we do not
expect any string breaking with m = 10.0. For all the following real-time cases we set
ε = 3.0 and g = 1.0, as in the imaginary-time setup.
4 Real-time evolution with static external charges
MPS methods give us access not only to the static properties, but also to the real-time
dynamics of the system. We may then investigate how the string breaking process manifests
dynamically when the static charges are introduced in the interacting vacuum. To this
end, we first compute a MPS approximation to the interacting vacuum of the theory using
variational energy minimization [51, 55, 56]. Starting from this state, we apply again the
non gauge invariant operator Un . . . Un+l−1, which effectively creates two static external
charges qy = ±1/2 separated by a distance l = 11, in a gauge invariant manner, thus
starting the connecting flux tube. Subsequently we evolve this state in real time with
∆t = 1.0× 10−4, D = 100 and determine the time dependent spin, flux and charge square
configurations along the chain, as shown in figure 5. As in the imaginary time case, one
can see that a system size N = 22 is sufficient to avoid finite size effects. In order to better
appreciate the dynamics, we show the details of the three proposed observables at fixed
times in the evolution, t = 0, 0.25, 0.5 and 2, for each mass in figures 6 and 7, where we
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Figure 3. Imaginary-time evolution of a string with length l = 11 between two external static
charges, in a system of size N = 22 (upper three rows) and N = 30 (lower three rows), for
dynamical fermion masses m = 3.0 (left column) and 10.0 (right column). Shown are the site
resolved expectation values for σzr,n, σ
z
g,n (first and fourth row), J
2
n (second and fifth row) and Q
α
n
2
(third and sixth row) as a function of imaginary time.
again subtracted the interacting vacuum configuration to visualize the difference to the
ground state without external charges.
For m = 3.0 the plots in figure 6 reveal that between t = 0 and t = 0.25 particle-
antiparticle pairs are created inside the string region, leading to a significant increase in
Qαn
2 there. This is accompanied with a considerable decrease of the initial peak in the string
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Figure 4. Charge square configuration (upper panels) and histograms of string lengths (lower
panels) at the beginning and the end of the evolution for a system of size N = 22 and l = 11, the
vertical lines in the upper panels indicate the position of the external charges. Panel (a) and (e)
show the data for m = 3.0 at the beginning, panel (b) and (f) for m = 3.0 at the end, panel (c) and
(g) for m = 10.0 at the beginning and panel (d) and (h) for m = 10.0 at the end of the evolution.
length histogram around l = 11 and a change in the spin and flux configurations. This
growth is continuing up to t = 0.5 where there has been a large amount of particles created
in the string region and the peak in the histogram at l = 11 is already gone. At later
times, t = 2.0, these particles are clustering around the region of the external charges and,
as the flux configuration reveals, the external charges are screened, leading to a reduction
of flux in the center region of the original string. For m = 10.0 the picture is significantly
different, as there is essentially no change during the evolution in either the charge, spin
and flux configurations or the string length histograms, which show a single dominant peak
at l = 11 at all times, therefore indicating that the initial string is preserved during the
evolution. The minor changes over time present in figure 7 result from the fact that the
starting state of the evolution is not an eigenstate of the Hamiltonian, and consequently it
is not perfectly steady.
5 Real-time evolution with dynamical charges
The scenarios with external static charges allow us to isolate and study the string breaking
phenomenon. However, it is also worth investigating the alternative scenario in which
the charges added to the vacuum are themselves dynamical, as this is arguably a more
realistic situation. This enables additional configurations, in which the charges can move,
to also play a role in the evolution, so that the string breaking phenomenon may be
displayed differently.
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Figure 5. Real-time evolution of a string with length l = 11 between two external static charges, in
a system of size N = 22 (upper three rows) and N = 30 (lower three rows), for dynamical fermion
masses m = 3.0 (left column) and 10.0 (right column). Shown are the site resolved expectation
values for σzr,n, σ
z
g,n (first and fourth row), J
2
n (second and fifth row) and Q
α
n
2 (third and sixth row)
as a function of time.
Using the same MPS techniques, we can also explore this setup. Thus we repeat the
simulations described in section 4 but applying the gauge invariant string operator from
eq. (2.2) on the interacting vacuum to construct our initial state. This again results in
a state with a string between two charges. Different to the systems studied earlier, the
charges are not external, but they are now created on a site and are fully dynamical. Again,
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Figure 6. Real-time snapshots for a system with external static charges at a distance l = 11,
dynamical fermion mass m = 3.0 and size N = 22. The upper row shows the charge square
configuration, 〈Qαn
2〉−〈Qαn
2〉vac, the central row the spin, 〈σ
z
r/g,n〉−〈σ
z
r/g,n〉vac (red and green lines,
left y-axes), and flux configuration, 〈J2n〉 − 〈J
2
n〉vac (blue lines, right y-axes), and the lower row the
histograms for the string lengths, Pl − Pl,vac. The vertical red lines in the upper row indicate the
position of the external charges. Each column corresponds to a time instant, t = 0, 0.25, 0.5 and 2.0.
we study the time evolution of the spin, flux and charge square configurations for different
fermion masses and system sizes, as shown in figure 8, where we use ∆t = 1.0× 10−4 and
D = 100 as in the previous section. We compare the case m = 10.0, in which the string
does not break (see also figure 11), with m = 3.0. In the latter case, which exhibited
clear breaking for static external charges, the fully dynamical situation shows differences
(compare figures 6 and 10). To better identify the features of string breaking, we look at
an even smaller fermion mass, m = 1.0, shown in figure 9.
In all cases we see a clear initial peak in the charge square configuration at the beginning
and at the end of the string. For m = 1.0 and 3.0 new charges emerge especially in the
string region and these peaks are quickly decaying. Also the flux in the string region is
decaying while two small peaks are preserved roughly around the start and end point of
the original string. The histograms for the distribution of string lengths show a similar
picture: at the beginning of the evolution there is a clear peak at around l = 11 which is
gone at around t = 0.25. In the m = 1.0 case the initial peak at l = 11 is less dominant
as in the m = 3.0 case, due to the fact that in this case the interaction strength ε is more
important, leading to a state less close to a strong coupling string. For later times one sees
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Figure 7. Real-time snapshots for a system with external static charges at a distance l = 11,
dynamical fermion mass m = 10.0 and size N = 22. The upper row shows the charge square
configuration, 〈Qαn
2〉−〈Qαn
2〉vac, the central row the spin, 〈σ
z
r/g,n〉−〈σ
z
r/g,n〉vac (red and green lines,
left y-axes), and flux configuration, 〈J2n〉 − 〈J
2
n〉vac (blue lines, right y-axes), and the lower row the
histograms for the string lengths, Pl − Pl,vac. The vertical red lines in the upper row indicate the
position of the external charges. Each column corresponds to a time instant, t = 0, 0.25, 0.5 and 2.0.
that in both cases smaller string lengths are dominating in the system, therefore indicating
that the string is broken. By contrast, in the case of m = 10.0 the dominant peak at l = 11
is preserved during the entire evolution. Although the magnitude decreases, one can see
from the flux and charge square configurations that there is not a lot of change, which
indicates that the original string is still present. The slight changes have the same origin
as in the previous cases. As we are not starting with an eigenstate of the Hamiltonian but
rather do a local quench, the state is not perfectly steady. Furthermore in this case the
charges are fully dynamical, what leads to richer dynamics.
6 Conclusion
We have studied the real-time dynamics of string breaking with MPS in a truncated 1+1
dimensional SU(2) lattice gauge theory. By looking at the charge square, the flux config-
uration and the statistics of string lengths, we are able to detect and characterize string
breaking in statical and dynamical scenarios.
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Figure 8. Real-time evolution of a string with length l = 11 between fully dynamical fermions, in
a system of size N = 22 (upper three rows) and N = 30 (lower three rows), for dynamical fermion
masses m = 1.0 (left column), m = 3.0 (central column) and 10.0 (right column). Shown are the
site resolved expectation values for σzr,n, σ
z
g,n (first and fourth row), J
2
n (second and fifth row) and
Qαn
2 (third and sixth row) as a function of time.
We calculate the ground state in the sector with two static external charges. This
allows us to clearly pick up the static signature of string breaking, and to identify parameter
regions where we expect string breaking to occur. Furthermore our calculation shows that
the string state is metastable during the imaginary time evolution, until configurations
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Figure 9. Real-time snapshots from the evolution of a string with length l = 11 between fully
dynamical fermions, for m = 1.0 and system size N = 22. The upper row shows the charge square
configuration, 〈Qαn
2〉−〈Qαn
2〉vac, the central row the spin, 〈σ
z
r/g,n〉−〈σ
z
r/g,n〉vac (red and green lines,
left y-axes), and flux configuration, 〈J2n〉 − 〈J
2
n〉vac (blue lines, right y-axes), and the lower row the
histograms for the string lengths, Pl − Pl,vac. The vertical red lines in the upper row indicate the
initial position of the charges added to the vacuum. Each column corresponds to a time instant,
t = 0, 0.125, 0.5 and 1.5.
with a broken string mix in and reduce the energy, as expected. We have also shown that
the particle-antiparticle pairs resulting from the breaking string cluster around the external
charges and subsequently screen the electric field. This can be detected with the spin and
flux configuration as well as in the charge square and the distribution of string lengths in
the system.
Using real-time simulations with MPS, we have studied the dynamics of string breaking
in a setup with two static external charges. With the observables proposed before, the
breaking and non-breaking cases are clearly distinguishable. We can explicitly observe
that, in case the string is breaking, dynamical fermions are created that cluster around the
external charges and screen them, therefore reducing the flux in the system.
Finally, we have also simulated the time evolution of a string between fully dynamical
fermions. We also identify situations in which the string breaks in this case. In particular,
the decay of charges and the reduction of the flux in the middle of the string region indicate
string breaking. Due to the fact that the initially created particle-antiparticle pair is now
dynamical, we do not observe the clustering of the dynamically created charges, but rather
a distribution along the system.
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Figure 10. Real-time snapshots from the evolution of a string with length l = 11 between fully
dynamical fermions, for m = 3.0 and system size N = 22. The upper row shows the charge square
configuration, 〈Qαn
2〉−〈Qαn
2〉vac, the central row the spin, 〈σ
z
r/g,n〉−〈σ
z
r/g,n〉vac (red and green lines,
left y-axes), and flux configuration, 〈J2n〉 − 〈J
2
n〉vac (blue lines, right y-axes), and the lower row the
histograms for the string lengths, Pl − Pl,vac. The vertical red lines in the upper row indicate the
initial position of the charges added to the vacuum. Each column corresponds to a time instant,
t = 0, 0.25, 0.5 and 2.0.
In our study we have used a 1+1 dimensional SU(2) gauge model. This model could
be a suitable candidate for the implementation of a quantum simulator for a SU(2) lattice
gauge theory. The observables and setups that we describe would also be viable for such
a potential experimental realization. Furthermore the applied techniques are not limited
to the specific model studied here. The truncation method used from ref. [48] works
for arbitrary compact (or finite) Lie groups and is not limited to the case of one spatial
dimension. Therefore also other gauge groups could be studied and with more general TN
such as PEPS [57] this study could also be extended to higher dimensions.
While completing the manuscript we became aware of a related work on TN and string
breaking [58].
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Figure 11. Real-time snapshots from the evolution of a string with length l = 11 between fully
dynamical fermions, for m = 10.0 and system size N = 22. The upper row shows the charge square
configuration, 〈Qαn
2〉−〈Qαn
2〉vac, the central row the spin, 〈σ
z
r/g,n〉−〈σ
z
r/g,n〉vac (red and green lines,
left y-axes), and flux configuration, 〈J2n〉 − 〈J
2
n〉vac (blue lines, right y-axes), and the lower row the
histograms for the string lengths, Pl − Pl,vac. The vertical red lines in the upper row indicate the
initial position of the charges added to the vacuum. Each column corresponds to a time instant,
t = 0, 0.25, 0.5 and 2.0.
A Spin formulation
For the numerical implementation the fermionic degrees of freedom can be mapped to spins
using a Jordan-Wigner transformation. Here we use the particular transformation from
ref. [59]:
ψr,n = i
[∏
l<n
iσzr,liσ
z
g,l
]
σ−r,n,
ψg,n = −
[∏
l<n
iσzr,liσ
z
g,l
]
σzr,nσ
−
g,n.
(A.1)
The σ-matrices are the usual Pauli matrices, where the subscript indicates on which color
on site n they are acting. This labeling is convenient for practical purposes and completely
equivalent to ordering the fermions as ψr,1, ψg,1, ψr,2, ψg,2 . . . and doing a usual Jordan-
Wigner transformation on a single fermionic field ψ˜n which is related to original ones as
ψ˜1 = ψr,1, ψ˜2 = ψg,1, ψ˜3 = ψr,2, . . . .
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Using the transformation from eq. (A.1), the Hamiltonian can be expressed in spin
language as follows:
H = ε
∑
n
[
σ+r,nσ
z
g,nU
00
n σ
−
r,n+1
+ iσ+r,nσ
z
g,nU
01
n σ
z
r,n+1σ
−
g,n+1
− iσ+g,nU
10
n σ
−
r,n+1
+ σ+g,nU
11
n σ
z
r,n+1σ
−
g,n+1
+ h.c.
]
+
m
2
∑
n
(−1)n
[
(σzr,n + 1) + (σ
z
g,n + 1)
]
+
g2
2
∑
n
J2n.
The charge operators Qαn =
1
2
ψ†nσαψn can then be expressed in spin language as
Qxn =
1
2
(
−iσ+r,nσ
−
g,n + iσ
−
r,nσ
+
g,n
)
,
Qyn = −
1
2
(
σ+r,nσ
−
g,n + σ
−
r,nσ
+
g,n
)
,
Qzn =
1
4
(
σzr,n − σ
z
g,n
)
.
A simple calculation yields for the charge square components
Qαn
2 =
1
8
(
1− σzr,nσ
z
g,n
)
α = x, y, z.
B Analysis of the numerical errors
In this appendix we analyze the numerical errors of the results presented in sections 3–5.
In the main text we have already presented data for different system sizes thus showing
that N = 22 is enough to avoid noticeable finite size effects for the considered range of
parameters. Here we focus on the influence of the time-step size and the bond dimension
on our results.
B.1 Ground state with static external charges
In figure 12 we show how the spin and flux configuration changes for a system of size
N = 22, if a larger bond dimension or a smaller time step is used. As the figure shows,
there is no significant improvement with larger bond dimension. Reducing the time step by
a factor of two to ∆t = 0.5× 10−3 leads to a slightly changed spin and flux configuration on
the order of 10−2 for m = 3.0. However, these changes are predominantly at an early stage
of the evolution and difference in the final configuration is much smaller. For m = 10.0
the picture is qualitatively similar, at a very early stage there are small differences which
are roughly one order of magnitude less than in the m = 3.0 case. All in all the changes
for reduced time step and larger bond dimension are rather small compared to the data
for ∆t = 1.0× 10−3, D = 100 presented in figure 3 hence justifying our choice of time step
and bond dimension.
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Figure 12. Difference in the site resolved expectation values for spin (first and third row) and
flux (second and fourth row) for a system of size N = 22 and dynamical fermion mass m = 3.0
(left column) and 10.0 (right column). The upper two rows show the difference between results
computed with a time step ∆t = 1.0× 10−3 and 0.5× 10−3 for D = 100, the lower two rows the
difference between results computed with D = 100 and 130 for ∆t = 1.0× 10−3.
B.2 Real-time evolution with static external charges
Also for the real-time evolution case with static external charges, we analyze our error
analogous to the imaginary time case. The difference in results for a smaller time step
∆t = 0.5× 10−4 and larger bond dimension D = 130 is presented in figure 13. A reduction
of the time step shows a rather similar effect to the imaginary time case and leads to
differences on the order of 10−3 for m = 3.0 and 10−4 for m = 10.0. For m = 3.0,
the differences comparing to results with enlarged bond dimension are bigger than in the
imaginary time case, whereas for m = 10.0 there is essentially no change up to machine
accuracy. Overall, we see the same picture as in the imaginary time cases that our choice
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Figure 13. Difference in the site resolved expectation values for spin (first and third row) and
flux (second and fourth row) for a system of size N = 22 and dynamical fermion mass m = 3.0
(left column) and 10.0 (right column). The upper two rows show the difference between results
computed with a time step ∆t = 1.0× 10−4 and 0.5× 10−4 for D = 100, the lower two rows the
difference between results computed with D = 100 and 130 for ∆t = 1.0× 10−4.
of time step and bond dimension controls the error well enough to avoid considerable
influences on the effects observed in figure 5.
B.3 Real-time evolution with dynamical charges
For the real-time evolution with dynamical charges the same error estimation as in the
cases with static charges yields the results in figure 14. A reduction of the time step from
∆t = 1.0× 10−4 to 0.5× 10−4 yields a change in the spin and flux configuration on the
order of 10−2. Contrary to the cases with static charges, the change is more pronounced
for a large fermion mass m = 10.0, whereas for smaller fermion masses there is less change.
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Figure 14. Difference of the site resolved expectation values for spin (first and third row) and flux
(second and fourth row) for a system of size N = 22 and dynamical fermion mass m = 1.0 (left
column), 3.0 (central column) and 10.0 (right column). The upper two rows show the difference
between results computed with a time step ∆t = 1.0× 10−4 and 0.5× 10−4 for D = 100, the lower
two rows the difference between results computed with D = 100 and 130 for ∆t = 1.0× 10−4.
For the bond dimension however, we see again the same effect that the changes are more
pronounced if the mass is smaller, whereas there is almost no difference for larger mass.
Nevertheless, also in this case the absolute changes in the spin and flux configuration are
rather small compared to the data presented in figure 8, thereby showing that the errors
due to our choice of time step and bond dimension are negligible.
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
– 21 –
J
H
E
P
0
7
(
2
0
1
5
)
1
3
0
References
[1] K.G. Wilson, Confinement of Quarks, Phys. Rev. D 10 (1974) 2445 [INSPIRE].
[2] S. Du¨rr et al., Ab-Initio Determination of Light Hadron Masses, Science 322 (2008) 1224
[arXiv:0906.3599] [INSPIRE].
[3] K. Fukushima and T. Hatsuda, The phase diagram of dense QCD,
Rept. Prog. Phys. 74 (2011) 014001 [arXiv:1005.4814] [INSPIRE].
[4] G.S. Bali and K. Schilling, Static quark - anti-quark potential: Scaling behavior and finite
size effects in SU(3) lattice gauge theory, Phys. Rev. D 46 (1992) 2636 [INSPIRE].
[5] O. Philipsen and H. Wittig, String breaking in nonAbelian gauge theories with fundamental
matter fields, Phys. Rev. Lett. 81 (1998) 4056 [Erratum ibid. 83 (1999) 2684]
[hep-lat/9807020] [INSPIRE].
[6] ALPHA collaboration, F. Knechtli and R. Sommer, String breaking in SU(2) gauge theory
with scalar matter fields, Phys. Lett. B 440 (1998) 345 [hep-lat/9807022] [INSPIRE].
[7] M.N. Chernodub, E.-M. Ilgenfritz and A. Schiller, String breaking and monopoles: A case
study in the 3D Abelian Higgs model, Phys. Lett. B 547 (2002) 269 [hep-lat/0207020]
[INSPIRE].
[8] SESAM collaboration, G.S. Bali, H. Neff, T. Duessel, T. Lippert and K. Schilling,
Observation of string breaking in QCD, Phys. Rev. D 71 (2005) 114513 [hep-lat/0505012]
[INSPIRE].
[9] M. Pepe and U.J. Wiese, From Decay to Complete Breaking: Pulling the Strings in SU(2)
Yang-Mills Theory, Phys. Rev. Lett. 102 (2009) 191601 [arXiv:0901.2510] [INSPIRE].
[10] M. Troyer and U.-J. Wiese, Computational complexity and fundamental limitations to
fermionic quantum Monte Carlo simulations, Phys. Rev. Lett. 94 (2005) 170201
[cond-mat/0408370] [INSPIRE].
[11] F. Hebenstreit, J. Berges and D. Gelfand, Simulating fermion production in 1 + 1
dimensional QED, Phys. Rev. D 87 (2013) 105006 [arXiv:1302.5537] [INSPIRE].
[12] F. Hebenstreit, J. Berges and D. Gelfand, Real-time dynamics of string breaking,
Phys. Rev. Lett. 111 (2013) 201601 [arXiv:1307.4619] [INSPIRE].
[13] T. Byrnes, P. Sriganesh, R.J. Bursill and C.J. Hamer, Density matrix renormalization group
approach to the massive Schwinger model, Phys. Rev. D 66 (2002) 013002
[hep-lat/0202014] [INSPIRE].
[14] M.C. Ban˜uls, K. Cichy, K. Jansen and J.I. Cirac, The mass spectrum of the Schwinger model
with Matrix Product States, JHEP 11 (2013) 158 [arXiv:1305.3765] [INSPIRE].
[15] M.C. Ban˜uls, K. Cichy, J.I. Cirac, K. Jansen and H. Saito, Matrix Product States for Lattice
Field Theories, PoS(LATTICE 2013)332 [arXiv:1310.4118] [INSPIRE].
[16] B. Buyens, J. Haegeman, K. Van Acoleyen, H. Verschelde and F. Verstraete, Matrix product
states for gauge field theories, Phys. Rev. Lett. 113 (2014) 091601 [arXiv:1312.6654]
[INSPIRE].
[17] E. Rico, T. Pichler, M. Dalmonte, P. Zoller and S. Montangero, Tensor networks for Lattice
Gauge Theories and Atomic Quantum Simulation, Phys. Rev. Lett. 112 (2014) 201601
[arXiv:1312.3127] [INSPIRE].
– 22 –
J
H
E
P
0
7
(
2
0
1
5
)
1
3
0
[18] L. Tagliacozzo, A. Celi, A. Zamora and M. Lewenstein, Optical Abelian Lattice Gauge
Theories, Annals Phys. 330 (2013) 160 [arXiv:1205.0496] [INSPIRE].
[19] L. Tagliacozzo, A. Celi and M. Lewenstein, Tensor Networks for Lattice Gauge Theories with
continuous groups, Phys. Rev. X 4 (2014) 041024 [arXiv:1405.4811] [INSPIRE].
[20] P. Silvi, E. Rico, T. Calarco and S. Montangero, Lattice Gauge Tensor Networks,
New J. Phys. 16 (2014) 103015 [arXiv:1404.7439] [INSPIRE].
[21] K. Van Acoleyen, B. Buyens, J. Haegeman and F. Verstraete, Matrix product states for
Hamiltonian lattice gauge theories, PoS(LATTICE2014)308 [arXiv:1411.0020] [INSPIRE].
[22] H. Saito, M.C. Ban˜uls, K. Cichy, J.I. Cirac and K. Jansen, The temperature dependence of
the chiral condensate in the Schwinger model with Matrix Product States,
PoS(LATTICE2014)302 [arXiv:1412.0596] [INSPIRE].
[23] M.C. Ban˜uls, K. Cichy, J.I. Cirac, K. Jansen and H. Saito, Thermal evolution of the
Schwinger model with Matrix Product Operators, arXiv:1505.00279 [INSPIRE].
[24] L. Tagliacozzo and G. Vidal, Entanglement renormalization and gauge symmetry,
Phys. Rev. B 83 (2011) 115127 [arXiv:1007.4145] [INSPIRE].
[25] G. Vidal, Efficient Classical Simulation of Slightly Entangled Quantum Computations,
Phys. Rev. Lett. 91 (2003) 147902 [quant-ph/0301063].
[26] F. Verstraete, V. Murg and J. Cirac, Matrix product states, projected entangled pair states,
and variational renormalization group methods for quantum spin systems,
Adv. Phys. 57 (2008) 143 [arXiv:0907.2796].
[27] A.J. Daley, C. Kollath, U. Schollwo¨ck and G. Vidal, Time-dependent density-matrix
renormalization-group using adaptive effective Hilbert spaces, J. Stat. Mech. (2004) P04005
[cond-mat/0403313].
[28] J. Ignacio Cirac, P. Maraner and J.K. Pachos, Cold atom simulation of interacting relativistic
quantum field theories, Phys. Rev. Lett. 105 (2010) 190403 [arXiv:1006.2975] [INSPIRE].
[29] E. Zohar and B. Reznik, Confinement and lattice QED electric flux-tubes simulated with
ultracold atoms, Phys. Rev. Lett. 107 (2011) 275301 [arXiv:1108.1562] [INSPIRE].
[30] E. Zohar, J.I. Cirac and B. Reznik, Simulating Compact Quantum Electrodynamics with
ultracold atoms: Probing confinement and nonperturbative effects,
Phys. Rev. Lett. 109 (2012) 125302 [arXiv:1204.6574] [INSPIRE].
[31] D. Banerjee et al., Atomic Quantum Simulation of Dynamical Gauge Fields coupled to
Fermionic Matter: From String Breaking to Evolution after a Quench,
Phys. Rev. Lett. 109 (2012) 175302 [arXiv:1205.6366] [INSPIRE].
[32] D. Banerjee et al., Atomic Quantum Simulation of U(N) and SU(N) Non-Abelian Lattice
Gauge Theories, Phys. Rev. Lett. 110 (2013) 125303 [arXiv:1211.2242] [INSPIRE].
[33] P. Hauke, D. Marcos, M. Dalmonte and P. Zoller, Quantum simulation of a lattice Schwinger
model in a chain of trapped ions, Phys. Rev. X 3 (2013) 041018 [arXiv:1306.2162]
[INSPIRE].
[34] K. Stannigel et al., Constrained dynamics via the Zeno effect in quantum simulation:
Implementing non-Abelian lattice gauge theories with cold atoms,
Phys. Rev. Lett. 112 (2014) 120406 [arXiv:1308.0528] [INSPIRE].
– 23 –
J
H
E
P
0
7
(
2
0
1
5
)
1
3
0
[35] L. Tagliacozzo, A. Celi, P. Orland and M. Lewenstein, Simulations of non-Abelian gauge
theories with optical lattices, Nature Commun. 4 (2013) 2615 [arXiv:1211.2704] [INSPIRE].
[36] U.-J. Wiese, Ultracold Quantum Gases and Lattice Systems: Quantum Simulation of Lattice
Gauge Theories, Annalen Phys. 525 (2013) 777 [arXiv:1305.1602] [INSPIRE].
[37] E. Zohar, J.I. Cirac and B. Reznik, Quantum simulations of gauge theories with ultracold
atoms: local gauge invariance from angular momentum conservation,
Phys. Rev. A 88 (2013) 023617 [arXiv:1303.5040] [INSPIRE].
[38] E. Zohar, J.I. Cirac and B. Reznik, Cold-Atom Quantum Simulator for SU(2) Yang-Mills
Lattice Gauge Theory, Phys. Rev. Lett. 110 (2013) 125304 [arXiv:1211.2241] [INSPIRE].
[39] E. Zohar and B. Reznik, Topological Wilson-loop area law manifested using a superposition of
loops, New J. Phys. 15 (2013) 043041 [arXiv:1208.1012] [INSPIRE].
[40] E. Zohar, J.I. Cirac and B. Reznik, Simulating (2+1)-Dimensional Lattice QED with
Dynamical Matter Using Ultracold Atoms, Phys. Rev. Lett. 110 (2013) 055302
[arXiv:1208.4299] [INSPIRE].
[41] A. Kosior and K. Sacha, Simulation of non-Abelian lattice gauge theories with a single
component atomic gas, arXiv:1403.1221 [INSPIRE].
[42] S. Ku¨hn, J.I. Cirac and M.-C. Ban˜uls, Quantum simulation of the Schwinger model: A study
of feasibility, Phys. Rev. A 90 (2014) 042305 [arXiv:1407.4995] [INSPIRE].
[43] D. Marcos et al., Two-dimensional Lattice Gauge Theories with Superconducting Quantum
Circuits, Annals Phys. 351 (2014) 634 [arXiv:1407.6066] [INSPIRE].
[44] U.-J. Wiese, Towards Quantum Simulating QCD, Nucl. Phys. A 931 (2014) 246
[arXiv:1409.7414] [INSPIRE].
[45] A. Mezzacapo, E. Rico, C. Sab´ın, I.L. Egusquiza, L. Lamata and E. Solano, Non-Abelian
Lattice Gauge Theories in Superconducting Circuits, arXiv:1505.04720 [INSPIRE].
[46] S. Notarnicola, E. Ercolessi, P. Facchi, G. Marmo, S. Pascazio and F.V. Pepe, Discrete
Abelian Gauge Theories for Quantum Simulations of QED, J. Phys. A 48 (2015) 30FT01
[arXiv:1503.04340] [INSPIRE].
[47] E. Zohar, J.I. Cirac and B. Reznik, Quantum Simulations of Lattice Gauge Theories using
Ultracold Atoms in Optical Lattices, arXiv:1503.02312 [INSPIRE].
[48] E. Zohar and M. Burrello, Formulation of lattice gauge theories for quantum simulations,
Phys. Rev. D 91 (2015) 054506 [arXiv:1409.3085] [INSPIRE].
[49] J.B. Kogut and L. Susskind, Hamiltonian Formulation of Wilson’s Lattice Gauge Theories,
Phys. Rev. D 11 (1975) 395 [INSPIRE].
[50] D. Perez-Garcia, F. Verstraete, M.M. Wolf and J.I. Cirac, Matrix product state
representations, Quant. Inf. Comput. 7 (2007) 401 [quant-ph/0608197].
[51] U. Schollwo¨ck, The density-matrix renormalization group in the age of matrix product states,
Ann. Phys. 326 (2011) 96 [arXiv:1008.3477].
[52] F. Verstraete, J.J. Garc´ıa-Ripoll and J.I. Cirac, Matrix Product Density Operators:
Simulation of Finite-Temperature and Dissipative Systems,
Phys. Rev. Lett. 93 (2004) 207204.
[53] H.J. Rothe, Lattice gauge theories: an introduction, World Scientific, Lect. Notes Phys. 82
(2006).
– 24 –
J
H
E
P
0
7
(
2
0
1
5
)
1
3
0
[54] C. Michael, Hadronic forces from the lattice, Nucl. Phys. Proc. Suppl. 26 (1992) 417
[INSPIRE].
[55] F. Verstraete, D. Porras and J.I. Cirac, Density Matrix Renormalization Group and Periodic
Boundary Conditions: A Quantum Information Perspective,
Phys. Rev. Lett. 93 (2004) 227205 [INSPIRE].
[56] S.R. White, Density matrix formulation for quantum renormalization groups,
Phys. Rev. Lett. 69 (1992) 2863 [INSPIRE].
[57] F. Verstraete and J.I. Cirac, Renormalization algorithms for quantum-many body systems in
two and higher dimensions, cond-mat/0407066 [INSPIRE].
[58] T. Pichler, M. Dalmonte, E. Rico, P. Zoller and S. Montangero, Real-time Dynamics in U(1)
Lattice Gauge Theories with Tensor Networks, arXiv:1505.04440 [INSPIRE].
[59] P.J. Steinhardt, SU(2) Flavor Schwinger Model on the Lattice, Phys. Rev. D 16 (1977) 1782
[INSPIRE].
– 25 –
